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We give a necessary and sufficient condition for the relative class number of 
an imaginary field contained in Q(e2”*@) to be divisible by p. We also give a 
sticient condition for the class number of a real field contained in Q(e*d@) 
not to be divisible by p. 
INTRODUCTION 
Let p be an odd prime number, and let K be an absolutely cyclic field 
with conductor p@, i.e., KC Q(e2”@), but Q Q(.ezri@-‘). We shall call 
such a field a p-field of degree p. As is well known (cf. Hasse [2]), the 
class number h of K is decomposed into two factors 
h = h,,h*, 
where the factor h, is the class number of the maximal real subfield of K, 
and the factor h* is a natural number called the relative class number 
of K. 
Now suppose that K = Q(e2”i/3. In connection with Fermat’s con- 
jecture, Kummer proved a criterion for the regularity of p which can be 
stated as follows: 
(i) In order that h* may be divisible by p, it is necessary and 
sufficient that at least one of the numerators of the Bernoulli numbers 
B2 94 ,..., Blrsa is divisible by p. 
(ii) If the factor ho is divisible by p, then at least one of the numera- 
tors of these Bernoulli numbers is divisible by p. 
In the present paper, we shall generalize these results to the case where 
K is a p-field of degree p > 1. 
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In the following, we shall write Q8 = Q(etri@), and K, = K n Qs for 
s = 1, 2 ,...) p. Put 
if K is imaginary, 
if K is real. 
As easily seen, c is an odd integer, whenever K is imaginary. Put, moreover, 
d = WI : Ql, 
I 
if K is imaginary, 
K : QI, if K is real. 
Then we have cd = &(p - 1) in any case. In Section 1, we shall show the 
following theorem. 
THEOREM A. Suppose that K is an imaginary p-field of degree p. Let 
h* and hl* be the relative class numbers of K and K1 , respectively. Then, 
(i) h* is divisible by p, tf and only tf h,* is divisible by p. And if h* 
is divisible by p, then it is divisible by po. 
(ii) In order that hl* may be divisible by p, it is necessary and suji- 
cient that at least one of the numerators of the Bernoulli numbers Bck+l 
(k = 1, 3 ,..., 2d - 1) is divisible by p. 
More exactly, we shall prove the following theorem. 
THEOREM A’. Suppose that K is an imaginary p-field of degree p. 
Define h,* by 
h * = the relative class number of K, 
8 the relative class number of K,-, ’ 
&* is the relative class number of K1 .) Then h,* is a natural number for 
each s (s = 1, 2,..., p). And it is divisible by p, if and only if at least one 
of the numerators of the Bernoulli numbers Bck+l (k = 1, 3,..., 2d - 1) is 
divisible by p. 
On the other hand, Iwasawa [4] proved the following: Let K be a p-field 
of degree p. Then for every sufficiently large p, the exponent of the highest 
power of p dividing the class number of K is given by a formula 
where X, p, and v do not depend on p. 
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Combining this with our Theorem A, we have immediately the fol- 
lowing corollary. 
COROLLARY. Let K be an imaginary p-field, and suppose that the class 
number of KI = K A Q(e2n1J3 is divisible by p. Then the invariants A, p 
cannot vanish simultaneously. 
The author wishes to thank Dr. S.-N. Kuroda for pointing out that 
the corollary was already shown by Jehne [5]. 
In Section 2, we shall prove the following theorem. 
THEOREM B. Suppose that K is a realp-field of degree p. Then, 
(i) p divides the class number h of K, if and only ifit divides the class 
number hI of KI . 
(ii) If hl is divisible by p, then at least one of the numerators of the 
Bernoulli numbers B2Clc (k = 1,2,..., d - 1) is divisible by p. 
Assertion (i) of Theorem B has been already proved by Iwasawa [3]. 
Our proof of these theorems is based exclusively on the result given in 
Hasse [2] and Borevich-Shafarevich [I 1. Kummer’s Theorems (i) and (ii) 
are special cases of our theorems A, B, respectively; however, whereas 
we can deduce p 1 h* from p I h, in Kummer’s case K = Q1 (or more 
generally when K = QP), this is not the case for general K, since the 
index sets {ck + 1: k = 1, 3 ,..., 2d - l} and (2ck; k = 1,2 ,..., d - l} 
are disjoint, when c # 1. We can give many examples of K for which 
plh*andprh,,. 
1. IMAGINARY p-NELDS 
1.1. Let K be an imaginaryp-field of degree p. By analytical methods, 
Hasse proved in [2] that the relative class number h* of K is given by the 
formula 
h*=wfj n 
(k,2pb-1 s s=l 
l<k<2@-'d 
(1) 
The meaning of the notations in (1) is as follows: 
w  = the number of roots of unity contained in K, 
x8 = a generator of the character group of K, , 
cLd, means the summation over the least positive representatives 
of the reduced residue system modulo pg. 
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The number w  equals 2~0 for c = 1, and equals 2 for c # 1. Define 
h,* by 
hl* = 2~’ ,.rI, + ~~~-xIW)~ 
1<7c<%3 
and 
htz* = P’ ,,,-I=, & c’ (-xs”W) (s = 293v.v P). 
a mod P* 
Here, E means 1 for c = I, and 0 for c # 1. Then, we have clearly 
h* = fr h,*. 
S==l 
1.2. The factor hl* is the relative class number of KI, so that it is 
a natural number. We shall show that h2*,..., h,* are natural numbers. 
Let g be a primitive root modulo ps, 8 a primitive v(p#)-th root of unity, 
x the character of K, defined by x(g) = 8”, and g, the least positive number 
congruent to gv modulo ps. Let F(X) denote the polynomial c;$)-l g,X”. 
Since 
m(d)-1 mb’b-1 
c’ XkW = z. x”k”) & = ,c, eckvg” = fleck), 
nmod ~9 
then we have 
h,* = p’ n (1/2ps)F(0c”) (s = 2, 3 ,..., p). 
(P,zP)=l 
l<k<Z&'d 
Put m = l&p”). Since 
&?a,” + & = gm+* + gV = gy( g” + 1) = 0 (modp3, 
it follows 
&?z,” + IL = PS. 
Since @ = - 1, we have for odd k prime to p, 
m-1 
F(eckj = c cgveckv + gm+yeck(m+y 
v=O 
WI-1 m-1 
= z. (go - gm+J eck = 1 eck (mod 21, 
u=O 
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so that 
F(Bck)(l - P) = 0 (mod 2). 
On the other hand, 1 - 19~~ is a unit, since s > 2. This shows that F(P) 
is divisible by 2. 
1.3. It is well known that p has the r~~(p - 1) distinct prime divisors 
in Q(0). Let p be one of these prime divisors. The numbers 0, 1, 0, ,..., elPa 
are noncongruent modulo p for each other, where 8, denotes t@‘-l, so 
they form a complete system of residues modulo p. Since 
P-2 
1 - gp-l = n (1 - tilVg) = 0 (modp), 
V=O 
p must divide one of the differences 1 - @,*g. As easily seen, this v is 
relatively prime to p - 1. If 1 - elVg = 0 (mod p) and 1 - @g = 0 
(mod p), then elV = S,u (mod p), and this means that B1” = 0,@. 
Since there are q(p - 1) prime divisors of p, and ~(p - 1) numbers 
1 - BIVg with (v, p - 1) = 1, each of the numbers 1 - @g is divisible 
by one and only one prime divisor of p. Denoting this prime divisor of p 
by py , we have 
1 - elvg = 0 (mod pJ. 
Hence, p can be represented as 
p = n p;(PY 
lv,P-l)=l l(v(P--2 
LEMMA 1. For any integer v prime to p - 1, we have g = 8+ (mod pJ, 
where we dejine py = pU , if v = p (modp - 1). 
Proof. Clear from 1 - B,“g = (1 - &g)P’-’ (mod pJ, and 1 - elVg = 0 
(mod 10 Q.E.D. 
1.4. Suppose that c # 1. We have the congruence 
&3-l 
F(eyl - eckg) s c (eckgy (I - eckg) = I - gq(p*) 
v-0 
= 0 (modp3. 
Since c(# 1) divides p - 1, we have 1 - Bokg f 0 (mod pJ for any V. 
Thus, we have F(flck) = 0 (modp#). As h,* is a rational number, we see 
that h,* is a natural number. 
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Next, suppose c = 1. Since &8*)(1 - Pg) is divisible by p*, we see 
that F(P) is divisible byp” if (k, p - 1) > 1, and byp8p$ if (k, p - 1) = 1. 
Since 




we see that for s = 2, 3,..., p each h,* is a natural number. 
1.5. If (v,p - 1) > 1, let us agree that py will mean the unit divisor. 
Consider the expression 
h,* = 2’ ,,,E,-, $$F(eckJ 
Here, 6 denotes 1, or 0, according as s = 1, or s > 2. The factor h,* is 
divisible byp, if and only ifat least one of the integral divisors I;(P) pckp-8 
is divisible by p-r . For this to happen it is necessary and sticient that 
the divisor F(Sck) n& be divisible by +~-~p~. We shall show that this cannot 
happen for ck E - 1 (mod p - 1). In fact, if s = 1, we have 
P-2 
F(W) = c (O-lg)’ EE p - 1 = -1 (mod p-3, 
“=O 
whence it follows that F(0-l) is not divisible by pT1 . Suppose that s >, 2. 
Then it is easily seen that gq(p”) + 1 (mod pS+l), since g is a primitive root 
modulo p8. Hence, 
oW)-1 
F(&k) E c &kvgv = ‘1-$;; + 0 (mod pa). 
v-0 
Thus, for h,* to be divisible by p, it is necessary and suflicient that F(eck) 
is divisible by pm1p8 for some k such that (k, 2p) = 1, 1 < k < 2pS-ld, 
and ck + -1 (modp - 1). 
1.6. In the following we shall assume that ck + -1 (mod p - 1). 
Define a,, by 
gv = g” + a,@ (v = 0, l,..., v(ps) - 1). (2) 
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Then we have 
&9-l 
F(W) = c ecygv + c&p") 
v=o 
1 ~ - gW(P”) dP')-1 
1 _ &kg + P8 c 4gckY (mod P-IP’). 
v=o 
Raising both sides of (2) to the power ck + 1, we have that 
gck+l E gv(ck+l) + (ck + 1) uvgCkvp8 (modps+A+l), Y (3) 
where A denotes the “p-order” of ck + 1, i.e., the number for which 
we have pA 1 (ck + 1) but pA+’ f (ck + 1). The congruence (3) is clear 
from A < s - 1. Summing up (3) for v = 0, I,..., I - 1, we obtain 
&3-l &9-l 
(ck $ 1) p’ C a,gC”’ E 1 gzk+l - ’ 1 fc~~~Jp” (modpd+A+l), 
v-0 u=O 
and, hence, 
We find that 
(mod ps+&). 
(& + l)(l _ gmW)) _ 1 _ g(ck+lbW) 
1 - &kg 1 -gcIc+1 
= (1 - g+“)){(ck + l)(l - gck+l) - (1 - eckg) c$$‘-’ g”l(p’)y} 
(1 - ec’cg)(l - p+l) 
is divisible by p8+Ap--I . In fact, we have 1 - Pkg $0 (mod p-3 and 
1 -gck+l f 0 (mod p-3, since ck + 1 + 0 (modp - 1). Since gcp(e’) = 1 
(mod pa), and, hence, (mod pAp-J, we have 
&9-l 
(ck + 1)(1 - gck+l) - (1 - &kg) c gw(p’)v 3 (ck + 1)(&k - g”klg 
l-0 
= 0 (mod ~$3. 
Therefore, we get 
d-l 






S,(N) = 1” + 2" + *** + (N - 1)“. 
Then, (4) is equivalent to 
(ck + 1) F(e&) = S,,+,(JP) - pck+l&+l(ps-l) (modps+$+). . 
1.7. LEMMA 2. If(p - 1) f  m, then S,(pS) = 0 (modp”). 
Proof. We shall prove our lemma by induction on s. If s = 1, then 
we have 
9-l 9-2 
S,(p) = 1 nm = C g”* = 
1 _ gm-1) 
9$=1 u-0 
1 = -g” 0 (modp). 
Suppose that the assertion is true for s - 1. Consider the identity 
lf-1 
c nm = S,(p*) - ~%,(p~-~). 
n-1 
n *o(P) 
The left side is congruent to 0 modulo pa. In fact, put ck + 1 = m in (4), 
then we have 
S8--1 
C nm = 0 (modp$ 
92-l 
n*o(P) 
since F(&-l) E 0 (mod pa). As pm&(pS-l) = 0 (modp8), we have 
S,(p8) = 0 (mod pa). Q.E.D. 
Applying Lemma 2 to the preceding congruence, since pA 2 A + 2 
for h > 1, we obtain 
(ck + 1) F(@*) = Sck+l(p8) (modp8+$-,), 
which implies the following proposition. 
PROPOSITION 1. The factor h,* is divisible by p, if and only if 
(l/ck + 1) &+l(p”) = 0 (modps+l) 
for some k such that (k, 2~) = 1, 1 < k < 2p+‘d and ck f - 1 
(modp - 1). 
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LEMMA 3. Suppose that m is even, m < v(p8), and (p - 1) f m, then 
the Bernoulli number B,,, is p-integral, and 
s&s) = p*B, (modpa”). 
Proof. It is known as von Staudt’s theorem that B, is p-integral if 
(p - 1) +‘m, and pB,,, is p-integral if (p - 1) 1 m (cf. [l, p. 3841). We 
prove the second assertion, using the relation 
(m + 1) Up8) = h + 1) &P* + 5’ (” k+ ‘) &p(m+l-k)s @,, = 1). 
k=l 
Since m - 1 is odd, we have Bmel = 0. Hence, we have the congruence 
(m + 1) S,(pS) = (m + 1) B,ps (modpS8-3. 
Since m < y(pg), p-order of (m + 1) is at most s - 1. This completes 
the proof. 
From Lemma 3, we have, in particular, 
‘m(P”) z p* & (mod pS+l) 
m m , 
under the same assumption for m as above. From this congruence and 
Proposition 1, we have the following assertion. 
PROPOSITION 2. h,* is divisible by p, if and only if 
(W + 1) Bck+l = 0 (modp) 
for some k such that (k, 2p) = 1, 1 < k < 2p8-ld and ck 9 - 1 
(modp - 1). 
LEMMA 4 (Kummer’s Congruence). If (p - 1) f m (m positive and 
even), then the number B,/m is a p-integer, and 
Bm+B-ll(m + P - 1) = h&n (modp). 
For the proof, see [l, p. 3851. Applying Lemma 4 to Proposition 2, 
the proof of Theorem A’ is complete. 
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2. REAL P-FIELDS 
2.1. Let L be the p-th cyclotomic field Q1 . Put 
5 = eanilp = cos 24~ + i sin 24p, 
and 
ca9 = -~~P-w. 
Let K be a real subfield of L, and put, as before, c = 3[L : KJ and 
d = [K : Q]. Let g be a primitive root modulo p, and S the generator of 
Gal(L/Q) defined by S(5> = 5”. Set 
Then 
Thus, we have 
Set now 
e = sin -5 sin kZX. . 
P I P 
gv.rr sin - g vtlrr sin - . 
P I P 
gvr fp = sin - 
I 
gv+%T 
sin - . 
P P 
Then qs’ (V = 0, l,..., d - 1) are units of K called “cyclotomic units” 
of K. The class number h of K equals the index (E : Eo) of the group E. , 
generated by 1 +” 1 (V = 0, l,..., d - l), in the group E of all positive 
units of K (cf. [2], II). 
2.2. The number p has the factorization p = ‘i&P-l in L, where 
‘$3 = (1 - 5> is a prime divisor of first degree. Let p be the projection of 
‘$3 to K. We denote by Lp (or kp) the completion of L (or k) with respect 
to @ (or p, respectively). 
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LEMMA 5. There is an element h in the ring of ‘p-adic integers such 
that 
(1) As-1 + p = 0, 
(2) X = 5 - 1 (mod A2). 
The element 4I is uniquely determined by (1) and (2). 
For the proof, see [l, p. 3681. 
Since P is totally ramified, all @adic integers can be uniquely repre- 
sented in the form 
a0 + aJ + e-q + a,-2X’-2 3 
where the a, are p-adic integers. 
LEMMA 6. All p-adic integers can be uniquely represented in the form 
b. + blX2c + -a* + bd-JBO(*--l), (5) 
where the b, are p-adic integers. 
Proof. From Lemma 5, we have (S(A))*-l = M--l, and this means 
that S(A) = 9h, where 8 is a primitive (p - 1)th root of unity. Hence, 
Sd(xV) = Bdyhy. The ring of p-adic integers consists of all P-adic integers (Y 
which satisfy Sd(~) = CL Hence, our lemma is proved. 
It follows from SpxploD (h2CV) = 0 (for v = 1, 2,..., d - 1) that the 
trace of the number (5) equals b,d. The p-adic integers with trace equal 
to 0 are thus characterized by having the coefficient b, equal to 0 in (5). 
We shall be concerned with the set %JI of all p-adic integers with zero 
trace. 
PROPOSITION 3. Ifnone of the Bernoulli numbers BZok (k = 1,2,..., d- 1) 
are divisible by p, then the numbers log $p-l)sy (v = 1,2,..., d - 1) form 
a basis Z,-module ‘9X. 
Theorem B follows from Proposition 3. In fact, assume that the class 
number h = (E : E,) is divisible by p. Then we can find a positive unit 
E E E, which is not contained in E, , but for which EP E E, . Then 
d-l 
“4 
where the rational integers c, are not all divisible by p. Raising (6) to the 
power p - 1 and taking the logarithm in the field Kp , we obtain 
d-l 
p log #--l = c c, log ?j”‘P-1’. 
v-1 
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Since the number log @--l belongs to SR, and the numbers log ++l)sy 
(v = 1, 2,..., d - 1) f orm a basis of !lJI, q/p are p-adic integers. But it is 
impossible, since not all c, are divisible by p. This proves Theorem B. 
2.3. Proof of Proposition 3. We know 
m-1 
log [p-l = C ,4,X@ (mod &+I), 
3% 
where Aj = B&l - g2j)/(2j)! 2j and m = $(p - 1) (cf. [l, p. 375, (6.12’)], 
where we substitute g for k). By the definition of q we have 
C-l 
log q-1 = c log p-1) 
t=O 
c-lrn-1 
E c 1 Aie2dviX2j (mod XP-1) 
v=o j-1 
That is, 
= c c ActhPck. 
k=l 
d-l 
log T,I~-’ = C c A,kh2ck (mod hp-‘). 
k=l 
Hence, we have 
d-l 
1% -9 WP-1) = c c Acke2ckvh2ck (mod ,jv-I) 
k==l 
for v = 1, 2,..., d - 1. Suppose that the assumption of Proposition 3 is 
satisfied. Since we have 
e4c @4c)2 . . . (eryl 
. . . . . . . . . . . . . . . . . . . 
e2w-i)c (ez(a-i)c)2 . . . (ezca-ly-i 
d-l 
= (-l)d-l n c&k JJ (e2cu - ey + 0 (modp), 
k=l a-l>u>v>l 
m 77 S”(P--1); v = 1, 2,..., d - I} forms a basis of ‘9X over Z, . This com- 
pletes the proof. 
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